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On Variation of Velocity and Pressure Behind

and Along A Shock Surface

In Lagrangian Coordinate System

by

Nazir A. Warsi

1. INTRODUCTION

The flow of a perfect gas in Lagrangian coordinate system is

given by [1]

(L1) ui/?-c/ --£ u '",

.

= o

(1.4)a*aty-,/^-t =o

where f^/ is a quantity in the region «<,/ and 2/,l/ denote the

regions behind and in front of the shock surface.

Also, the conservation equations across the shock surface are

given by [2]

(i.5) tut] = -£*/<£/£/

X

1,

d.6) tW= -tfy/w ?a/
(1-7) [r] = -A ^

where % V

2. VARIATIONS *V clJ

Differentiating (1.3) and applying (1.4)b, we get

(2.1)a Uj\b. • = CV /7*

or

(2.2)b U2
/
\
<J3

i = -% r"/'- ^y
In consequence of (1.1) and (2.1), we get

(2.3) U^ \ti, U£; = ^ U^
Multiplying (1.2) by C(/, and using (2.3), we get

(2 -4) V "</ V,/= - ¥- uv^
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Now, let us define quantities L

;

(2.5) C & xfA

such that

and

(2.6) LJ Hf (.U-y-^/ ?y SyV)
If f^l j are quantities such that

\ Ly
J
*o > and

(2.7)MfcL^=//

(2.8)M2Mi»«//
then l/y are the inverse of Lj . Hence, we have

(29)
|v[- = iQ+ai+or oj.i~ lr\\Lil.

Now, from (2.5) and (2.6), we get

-! U Lj
Lj\ = ^ l: Lj

Li L/

IL?

(2.10)

L3
,

The values of L, > L', >
etc - can ^e substituted from (2.5) and

(2.6) and I Ly can be calculated. Let [_=l Mf

We have the following theorems.

THEOREM 2. 1 : The values of r) • are g/v£« &v

.(2,,)a Mt4^*K (uf- K,aj l

j
or

2, 1)b Ml=-t^€^(aJ+Ur
/
4X H

Where

\. flfe quantities, having values

(i)+l when^ = |, ^3^,
(ii)-l when^.2

? ^ -
/

(iii) when ^ - /?

and cx.^ are the components of an isotropic tensor having num-
erical values

(i)+ l when ijk is an even permutation of 123

(ii) — 1 when ijk is an odd permutation of 123

(iii) when ijk are the same.

PROOF: From (2.9), we get

(2 12) M^ — co^ 8"or
°f t-£

A' ri L
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Jn consequence of (2.5), (2.6) and (2.10) we get (2.1 I ) a which

by virtue of the relation -~A^
l ^%/~^h.-^j ,

gives (2.1 1 ) b.

THEOREM 2.2: Quantities ft J, are given by

(2.i3) v\i =ic e^.x.
where -€.^q are the components of a surface tensor skew-symme-
tric in ~{ j & and defined by

PROOF: From (2.9) we have

(2.15) Ml = ^y^^
which with the help of (2.5), (2.6) and (2.10) gives (2.13).

THEOREM 2.3: The variation of velocity along the surface be-

hind the shock is given by

(2.16) u^. x^ = u.:M x\
K +tf*

/ <v<
s7<V/

r
-*rr

(r+o-fU,,<v
x

where O. P is a reciprocal tensor of the first fundamental tensor

Q^g of the surface and c£, s the second fundamental
tensor of the surface. '

PROOF: Differentiating (1.5) and (1.8) partially with respect to the

surface parameters y^ , we get

(2.17) \Xy,j X?<
~ Uy,y X'K -fin/ ?1/ St/,K X -tiyO?/ ^&-(X

and *-» fy£*/**< . u * %
. v%

By making use of Weingarten equation [3] in (2.17) and applying

(2.18), we get (2.16).

THEOREM 2.4: The variation of pressure along the surface be-

hind the shock, is given

(2.19) fyfi
X*t< =/>v^ - OC/ 3/X (fr/-^/ rV^

PROOF. Differentiating (1.6) partially with respect to -^ >
we get (2.19).

'
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On Vorticity Behind A Shock Surface

In Lagrangian Coordinate System

by

Nazir A. Warsi

1. INTRODUCTION

The author [1] has discussed the variation of velocity and pressure
along and behind the shock surface. The results derived by him will

be used in this paper in finding the vorticity behind the shock wave.

2. DERIVATIVE OF VELOCITY

If *5*>j are the quantities defined by

then we have the following theorems.

Theorem 2.1: Quantities S^- are given by

(2.2) J^ = UIA> JC£ X? -h iny riy Sy d^p
Proof: Putting ^-^ ,y ayJ in (2.1), we get

(2-3) S<p - U*,^ L^
which, in consequence of (2.5) of [1] gives

(2.4) s
<fi

= u^ jci *;„ . ..

On substituting from (2.16) of [1] and using )(
x =0,

(2.4) gives (2.2).

Theorem 2.2: Quantities S, 3
are given by

(2.5) Sua ŷ 0+Sy) { tt/i<
- (fi,f^ iy -^ 7X/

Proof: Putting x. =«<^ y — 3 in (2.1), we get

(2.6) S^ = U* „ z; L*
which, with the help of (2.5) and (2.6) of [1] gives

(2.7) S<3 - U,% *£ (U^-j^Z, Sr/X*).

We get (2.5) if we substitute from (2.16) of [1] in (2.7).

Theorem 2.3: The quantities <5JmL are given by
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Proof: Putting ju - 3 , j = < in (2.1 ), we get

(2.9) SM = u*AA Ll Lt,
which, by virtue of (2.5) and (2.6) of [1], gives

(2.io) S3< = uf/94. xti (u* - -Aw r
2/ SyX*).

using (2.17) of [1], we get (2.8).

Theorem 2.4: The quantity S.33 is given by

(2.11) S33 = {C?/ ~'Q Sy (Sv +3)ti, V)<I^
Proof: Putting ^^3

3 j-3 in (2.1), we get *
J_

(2.12)£J3 -U^Ljl4
which, in consequence of (2.6) of [1], gives . ,.

(2.13) S33 = U^Uy^Z/ScjX+Xuf, -ivZySt/X J

On substitution from (2.17) of [1], (2.13) gives (2.11).

Theorem 2.5: The value of XXy^ is %iven by

Proof: From (2.1), (2.7) and (2.8), we get
'

{2A5) U%9^ Szj MX Mi
which, on putting s=r, yields

(2.16)a \L%9A^S^ MZ Mi

( 2 .i6)b u*,^ s^ni M£+*Sw<<h!i+S*ninL
By virtue of (2.13) of [1], (2.12) and (2.16)b, we get (2.14).

Theorem 2.6: The quantity S33 js completely determined in

terms of the quantities of region, in front of the shock surface, with
the help of (

L̂V {cl-^Sw (ST/+2)ti, &}j&? hJMZ+lSuoPlj Mj]

Proof: Applying (2.14) to (2.11), we get (2.17). J

fa

Theorem 2.7: The components of vorticity vector Wx , behind

the shock surface are given by

(2.18) W* e *<* sz„ Mi M?
Proof: From all the discussions of article 2, it is obvious that

M / , «J -c / are completely determined in terms of the

quantities of the region in front of the shock surface. Hence from

(2.1) and (2.7),

(2.8) of [1], we get

(2.19) it*,,- = St„ Mi *7
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The vorticity vector uJjl / is given by

(2.20) LUJ) = fc U*/;1

Substituting from (2. 19) for «< =2 in (2.20), we get (2.19).
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On Gradients of Specific Volume and

Pressure Behind A Shock Surface

In Lagrangian Coordinate System

by

Nazir A. Warsi

1. INTRODUCTION

The author [1,2] has discussed the variation of flow parameters
and vorticity behind a shock surface in Lagrangian Coordinate Sys-

tem. This article deals with the gradients of pressure and density

using the results obtained in [1, 2].

2. GRADIENT OF DENSITY

The specific volume shock strength is given by [3]

(2.1)^ = Oj/>
y

Differentiating (2.1) partially with respect to ^4- , we get

Also, we have [4, 3]
'

(2-3)Uy^ 7 ^- ^=o
(2.4)Cu*J. -^//y z1/X -

On substitution from (2.3), (2.1) and (2.4), the equation (2.2)

becomes (2.5) Z^ C^-L/^ Sy X=0 = ^/(l+^jut/^
which, in consequence of (2.14) of [2], becomes - \

(2.6) %. (uirt?v svX<% rywt&v (*%^agga
Now, let us define quantities JZ; such that /2- *>*/--£ *y V*/ rXfty 2*J

Hence, we have the following theorem.

Theorem 2.1: The quantitiesZ, are given by the equation

(2.9)7^ =^0^)^/^
Proof: Putting^. =. < in (2.8), we get

(2.10)^ = ^^'
which, with the help of (2.5) of [1], becomes

Equation (2.9) is readily obtained if we substitute from (2.6) in

(2.11).
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Theorem: 2.2: The quantity ^3
is given by

Proof: Putting -<: = 3 in (2.8), we get 7 y *V^/->

(2.13) 73 =?/,/ Z.^

which, in consequence of (2.6) of [1], becomes

(2.14) 2/,y (u^-4/ i/4/xO
By virtue of (2.14) and (2.6), we get (2.12).

Theorem 2.3: The gradient of the specific volume <? is given by

(2.15) Z/,y «*"/
Proof: From the discussions of section 2, it is obvious that the

quantities ^^ are completely known. From (2.8) and (2.7) of

[1], we, at once, get (2.15).

3. GRADIENT OF PRESSURE

We have the following theorems.

Theorem 3.1: The gradient of pressure behind the shock surface is

given by

(3.D 6/,^= (uj -Ay ?v /V X')S/^ m{ mJ
1

.

Proof: The equation of motion behind the shock is given by [4]

(3-2) U:y U^.
?i

+.?y fy>y
= o

which, in turn, gives

In consequence of (2.1), (2.4) and (2.19) of [2], the equation

(3.3) easily gives (3.1).
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