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The Teaching of Mathematical Induction

by

William M. Perel

Those of us who teach mathematics have often encountered great

difficulty in teaching a method of proof known as mathematical
induction. This difficulty is found in the high school and also in

the college classroom. Many students are unable to understand the

method when they are junior or senior mathematics majors. Why
should something so important and really so simple be so difficult

to teach?

I propose to examine some of the difficulties in order to see how
they might be overcome.

Let me say at the outset that some theorems are more difficult

to prove than others. Certainly it is more difficult to prove the

binomial theorem than it is to prove that the sum of the first n
n ( r\ I 1 ^

positive integers is J~ , although mathematical induction may

be the method of proof in either case. However, the difficulty our
students encounter is not in the details of a particular proof, but

in understanding what they are supposed to be doing and in really

seeing that anything has been proved by the method.

Unfortunately, many of our students have never encountered the

concept of proof at all when they reach this stage, except perhaps
in geometry. How it happened that geometry became, in the mind
of the student, a field in which a series of statements constituted a

proof, whereas in algebra, proof by assertion is a question that I

will not attempt to answer. But it is true that many of our students

encounter their first non-geometric proof when they are asked to

prove something by induction. Is it not possible that some of the

difficulty is with the very concept of proof itself and not so much
with any particular method of proof? Why then cannot we introduce

some proof in the algebra classroom long before we mention mathe-
matical induction?

Many of our modern courses in algebra begin with a study of

the number system. Thus, students are taught the properties of the

natural numbers, including the inductive property, before they have
very much experience. The student somehow knows that we are

trying to get a particular property of these numbers across to him
and are not really interested in the little theorems that we ask him
to prove in his assignments.

Consider the theorem, to be found as an exercise or example in

almost every algebra test, "For every positive integer n, 1 + 2 + 3
n ( r\ I 1

~\

. . . -|- n = ~ ." The student may or may not succeed

in proving this result, but as no use is ever made of it, how much
importance will he attach to the method of proof? Cannot we use
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the method to prove theorems of greater importance in the continuity

of our courses?

There is yet another difficulty. How did we decide that the
n ( n | 1 ^

"answer" was ——^——? Couldn't we give some examples of how

one decides what is to be proved? After all, the student may well

ask you why prove a formula if you already know it is correct.

Couldn't we let the student try to arrive at the correct formula by
trial and error and then make a conjecture which he can either prove

true or false? Isn't this the method which is used to produce new
mathematics, after all?

There is still another difficulty. It is the use of the dots. While I

recognize that there are many inductive theorems which do not

involve dots and while we certainly ought to use more of this type

as examples, many of the elementary theorems do involve them.

What does 1 + 2 + 3 + .. . + n mean to the student? It is a mis-

take to think that a collection of symbols which has meaning to the

teacher necessarily has meaning to the student. Well, the dots mean,
"Don't you see what I mean?" Dots are used very frequently in

mathematics, in sequences, in series, in matrices, and they always

have this meaning. But what if the student answers, "NO!"

A noted mathematician was interviewed by a reporter while

visiting Atlanta, Georgia a number of years ago. The reporter asked

the mathematician to show her a piece of mathematics. He gave her
the problem of summing the first one hundred positive integers,

which he solved in the following way.

Let the answer, s = 1 + 2 + . . . + 99 + 100 and note

that it is also true that s = 100 + 99 + . . . + 2 + 1. Now
add these two equations and obtain, 2s =101 + 101 + ...
+ 101 + 101. Then the mathematician asked the reporter, "How
many 101s are there?" She was supposed to answer 100 and so get

the value of S. But she said, "four" and that is how many she saw.

Her answer to the question, "Don't you see what I mean?" was
quite clearly, "NO." How then can we expect our students to under-

stand what the dots mean with little or no explanation? What do
you think 1+2 + 3 + .. . + n means to a student when n
is 2? If you ask him, his answer will discourage you.

The difficulties I have mentioned are all preliminary. Once these

have been met, we still have the difficulty of inductian itself. What
we are asking the student to do is to prove that something is true

when n = 1, when n = 2, when n = 3, and so on. That is, in

a sense, we are asking him to prove an infinite number of things

in a finite amount of time. No wonder the student gets discouraged.

As an example, we want him to prove that 1 = —^ that

1 + 2 = 2(2 + '>
, that 1 + 2 + 3 =2<L+J) , and

so on. (I do not know whether or not the phrase "and so on" is

understandable either to the reader or to the student. I do not pre-
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tend that it is superior to the dots.). We. teach him to show directly

that the statement we want to prove for all n is true when n = 1.

And then we teach him to show that if the statement is true for

n = k, it is also true for n = k -f- 1.

Professor Allendoerfer explains the method by asking the student

to imagine an endless ladder. The student shows that he "can get his

foot on the first rung" and that if he is on any rung of the ladder,

he can always climb to the next rung. Thus he can climb the ladder.

Professor Apostol asks the student to imagine an endless row of

toy soldiers. You assume that if one soldier falls, the next one in

line will be knocked over. Now, if you knock over the first soldier

in the row, presumably they will all fall down.

I think that each of these stories is cute and one or both may
have some value. However, it seems to me that a student who can
imagine an endless array of toy soldiers or an endless ladder, is

already well on his way to an understanding of induction. Each
teacher must make his own decision, but to me it appears that physi-

cal models of the idea are not helpful, so we may as well do mathe-
matics in a mathematical way. In other words, we may as well think

of the endless array 1,2,3, ... as an endless array of toy soldiers.

Many of our difficulties may be avoided if we first decide to spend
more and not less time on the principle. We begin with some ex-

amples of the inductive definition. In what follows, n represents a

positive integer (natural number).

Definition: an is defined by a1 = a and a "•" = a .a.

Of course, we must work with this definition and show the stu-

dent how it defines a 2 and a3 to be what they are supposed to be.

Nothing is more annoying than to read in what is supposed to be
a modern text that an = a. a. ... a to n factors.

n 1

Definition: X ai is defined by X a,- — a x and
i i

k+l k

X a, = X a
3
- + a .

1 1
k+ !

Again we must show what this definition means. It is interesting

to point out that the above' definition reduces all addition to the

addition of two numbers, which is the kind of addition dealt with

by the axioms for the real numbers. If the inductive definition of the

2; bothers, let me point out that we introduce the X in order to avoid

dots.

It is truly remarkable how many induction problems really de-

pend on one of these two. definitions. Others require only similar

definitions of, for example, a product of n factors, an nth derivative,

etc. Even the set f 1, 2, 3, . . ., nj may be written 1 l,n I and de-

fined by
I

1,1
I
= {1} and |l,k+l| =

I
l,kj U {k+l} . So

again, the dots may be avoided.

It may be argued that what is proposed here is more difficult than
the dots. I doubt that, but if so, perhaps the foregoing may be at

least used to explain what the dots mean.
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The induction axiom has two forms. Proofs of the equivalence of

these two forms may be found in many books. In what follows, I

shall use the word number to mean positive integer or natural

number.

Form One: If a set of numbers contains the number 1 and con-

tains the number k 4 1 whenever it contains the number k, then the

set contains all numbers.

Form Two: Every non-empty set of positive integers contains a

smallest member.

For some reason almost all texts emphasize the use of form one.

I would like to present here two proofs of the same simple theorem

in order to illustrate the use of each form.

Theorem: For every number n, 2n > n.

Proof: (Form One) We observe that 2 > 1, so that the result

holds when n = 1. If 2k > k, then by definition 2k+* = 2k .2

> 2k = k -f k > k -f- 1, so the result holds for n = k -f- 1.

Proof: (Form Two) Consider the set of numbers n for which
2n < n. If this set is non-empty, let h be the smallest element of

this set. Since 2 1 = 2 > 1, the statement is true for n = 1, so

that h =j= 1, hence h > 1. Therefore h — 1 is a number and since

h — 1 < h and h is the smallest number for which our statement

is false, it follows that the statement is true when n = h — 1.

Thus we know that 2 11" 1 > h — 1. Now 2h = 2< h- 1
> + 1 = 2M . 2

> 2(h — 1) = h -f- (h — 2) ^ h, since h •> 2. Therefore, 2h

> h, contradicting our assumption that the statement is false when
n = h, the set of numbers for which the statement is false is empty,
so that the statement is true for all numbers.

The essential difference in the details of these two proofs is the

differing roles played by the numbers h. and k. In the first case, k
is an arbitrary number for which it is assumed that the statement

is true. "Well," asks the student, "Why can you just assume a state-

ment is true when n = k when you don't even know what k is?"

We ought not to put it just that way and I was careful not to put it

that way, but there is a difficulty in this point. However, this diffi-

culty vanishes in the second proof; h is not arbitrary, but a particular

number which the second form of the axiom says must exist. I be-
lieve that the fact that h is a particular number, whereas k is some
arbitrary number is what makes a proof by means of the second form
easier to comprehend. The student is better able to grasp the defi-

niteness of the number h. For this reason, I would recommend the

second form of the proof even if it is longer.

If we are to teach induction with understanding, let us introduce

some other form of proof first; let us use induction to prove theorems
such as the laws of exponents which we really need; let us avoid
the use of the dots, recognizing that most students do not under-
stand them, anyway; and let us try the second form of the induc-
tion axiom rather than the first.
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